ABSTRACT. -The equation −ε 2 u + a ε (x)u = u p−1 with boundary Dirichlet zero data is considered in an exterior domain = R N \ω (ω bounded and N 2). Under the assumption that a ε a 0 > 0 concentrates round a point of as ε → 0, that p > 2 and p < 2N/(N − 2) when N 3, the existence of at least three positive distinct solutions is proved. 
Introduction
In this paper we consider the problem where = R N \ω, ω being a nonempty, bounded domain having smooth boundary ∂ω = ∂ , N 2, ε ∈ R + \ {0}, p > 2 and p < 2N/(N − 2) when N 3. a ε is a given nonnegative function that, as ε → 0, concentrates round a point x 0 ∈ , namely a ε has the form a ε (x) = a 0 + α x − x 0 ε (1.1) and satisfies Problem (P ε ) has a variational structure: the solutions of (P ε ) can be characterized as the nonnegative functions that are critical points of the functional I ε :
constrained to lie on the manifold
However, it is well known that the unboundedness of the domain gives rise to a lack of compactness, not allowing a straight application of the usual variational techniques. In particular (P ε ) cannot be solved by minimization, in fact (see Section 2), the infimum of I ε on M is not achieved, moreover the functional I ε does not satisfy the Palais-Smale condition in every energy level (see [1] and [3] for a careful analysis of the compactness question). The study of (P ε ) needs subtle tools as the minimax theory together with topological arguments.
In recent years problems like (P ε ) have been object of several researches, here we only recall that, without any symmetry assumption on ω, the existence of one solution for (P ε ) has been proved, first, in [3] , in the case a ε (x) ≡ a 0 , then in [1] , under more general assumptions; multiplicity results have been obtained, when a ε (x) ≡ a 0 , in domains having several holes [7, 8, 11, 15] relating the number of solutions of (P ε ) to the metric and/or topological properties of . We also remark that, for equations in R N having nonconstant, nonsymmetric coefficients, the existence of one positive solution has been stated in [2, 4] , while multiple solutions have been found in [13] .
In this work, motivated by former results, [6, 9] , that emphasize the role that a concentrating potential a ε can play in obtaining multiplicity of solutions for problems like (P ε ) in bounded domains, we investigate the effect of such a potential when is an unbounded exterior domain.
The result we obtain is stated in the following THEOREM 1.1. -Let a ε be as in (1.1) and let the assumptions (A 1 ) and (A 2 ) be satisfied. Then there existsε > 0 such that for every ε ∈ (0,ε) Problem (P ε ) has at least three distinct solutions u 1,ε , u 2,ε , u 3,ε . Moreover
We remark that the above theorem gives the existence of at least three solutions whatever is, even the complement of a convex domain.
It is worth observing, also, that the asymptotic energy estimates give some information about the shape of the solutions. Indeed u 1,ε is a "single peak" solution, that is a function that, suitably translated and scaled, tends, as ε → 0, to a solution of the limit problem
and, on the other hand, u 3,ε must be a "two-peaks" solution, in fact its energy, suitably scaled, tends to the energy of a pairs of not interacting solutions of (P ∞ ). About the last solution, u 2,ε , we can guess (but we have not a rigorous proof) that it, suitably scaled in x 0 , as ε → 0, tends to a solution of
whose shape depends on α (see [13] ). Finally, we point out that we can look at problem (P ε ) in a "dual" way: an equation not depending on ε, considered in an exterior domain whose complement, as ε → 0, widens and becomes far and far from the relevant part (in the sense of L N/2 (R N )) of α. Actually, considering, for instance ε,x 0 = {x ∈ R N | εx + x 0 ∈ } an easy scale change shows that to any solution of (P ε ) there corresponds, in a one to one way, a solution of
Thus the conclusion of Theorem 1.1 can be expressed equivalently as follows: 
The paper is organized as follows: Section 2 is devoted to introducing some notations and recalling some known results and useful relations; in Section 3 some useful tools are introduced and some basic asymptotic estimates are proved, Section 4 contains the proof of Theorem 1.1. Arguing as in proving Theorem 1.1, it is a simple matter to get the proof of Theorem 1.2.
Notations, known facts and useful remarks
Throughout the paper we make use of the following notations.
• 
Thus looking for critical points of I ε on M is equivalent to searching for critical points of the "rescaled" energy functional
on the manifold
The infimum in (2.3) is achieved (see [16] or [5] ) by a positive function w, that is unique modulo translations (see [12] ) and radially symmetric about the origin, decreasing when the radial co-ordinate increases and such that
(see [5] and [10] ). On the contrary we have
and the minimization problem (2.2) has no solution.
Proof. -Since we may consider
To prove that the equality holds, we consider the sequence
where y n ∈ ε , lim n→+∞ |y n | = +∞, w is the function realizing (2.3) and φ ε (x) = φ(εx) with φ :
is compact, and we show that
Indeed, using (2.4) it is not difficult to show that
On the other hand, for every fixed η > 0, we can find ρ = ρ(η) > 0 so that
follows. Hence (2.8), (2.9) and (2.10) give (2.7). Let us now assume that the minimization problem (2.2) has a solution u * 0. Then
Thus we deduce
The functional E ε constrained on M ε does not verify globally the Palais-Smale condition, however, as proved in [3] , the compactness is preserved in some energy range.
The following lemma states a lower bound for the energy of a critical point u of E ε on M ε that changes sign; the proof, that can be easily deduced using the definition of m, can be found in [7] .
This lemma and the maximum principle ensure that critical points of E ε on M ε in the range (m, 2 1−2/p m) give rise to positive solutions of problem (P ε ).
Tools, preliminary remarks, basic estimates
For what follows we need to introduce some barycenter type function. 1) u(y) dy |B(x, 1)| being the Lebesgue measure of B(x, 1), and
We remark that β is well defined for all u ∈ L p (R N ) \ {0}, becauseû ≡ 0 and has compact support, moreover β is continuous.
We define also, for every ε > 0, another map β ε :
wherex ε =x/ε,x being a fixed point in ω = R N \ and χ is the function
We remark that β ε is a continuous map in L p (R N ) \ {0}; we observe also that β ε (w(x − x ε )) = 0. We put
and, for all ε > 0, we set
We denote by L ε the segment joining 0 andx ε , i.e.
and by
Fixed a point ζ ∈ ∂B(0, 1) we denote by = ∂B(ζ, 2) i.e.
For every ε > 0 and ρ > 0 we define the operator
where φ ε is the cut-off function introduced in Proposition 2.1 to define the sequence (2.6). We put for all
and we remark that ∀z ∈
We consider, also, for every ρ > 0, the operator holds for all ε > 0.
Proof. -Clearly, ∀ε > 0, B 0,ε B 0 and B 0 m, so, in order to prove (3.12), we have to show that the equality B 0 = m cannot be true.
Arguing by contradiction, we assume B 0 = m. Hence a sequence of nonnegative functions (u n ) n in H 1 (R N ) must exist so that
Moreover (A 1 ), (2.3) and (3.13)(b) imply lim n→+∞ u n 2 R N = m. Then, by the uniqueness of the solution of (2.3), a sequence of points (z n ) n in R N and a sequence of functions (ϕ n ) n in H 1 (R N ) exist so that, up to a subsequence still denoted by (u n ) n , 
(3.14)
Proof. -In view of (2.4), of the radial symmetry round 0 of w(x) and of the fact that dist(ω ε , 0) → +∞ as ε → 0, it is not difficult to verify that, for every fixed ρ > 0,
Thus, for all ε > 0 small enough, β • ψ ε,ρ ( × {0}) is homotopically equivalent in R N \ {0} to ρ and, then, there exists (ẑ ε ,t ε )
Proof. -The proof is carried out in three steps.
Step 1. There exists
The argument is very similar to that of Lemma 3.5 in [8] so we only sketch it for the reader's convenience.
We define
To verify (3.17) we must prove that if ρ is large enough
Taking into account that − w + w = mw p−1 in R N we obtain
Using 
with
On the other hand, using Lemma 2.7 of [8] we get
where
for ρ large enough. Moreover the relation
holds and together with (3.19) gives (3.18) as desired. Step 2. There existsρ ρ 1 such that ∀ρ ρ
Since (3.12) holds and
to prove (3.20) we only need the relation
that follows, easily, arguing as in Proposition 2.1 to prove relation (2.10).
Step 3. Let ρ α ρ and µ α ∈ (μ ρ α , 2 1−2/p m) be fixed, then there exists ε 1 > 0 such that (3.15) and (3.16) hold for all ε ∈ (0, ε 1 ).
Because of the choice of ρ α , the inequalities (3.17) and (3.20) hold true when ρ = ρ α . Then in order to obtain (3.15) and (3.16) it is enough to observe that for all compact set
In fact, let ε n and (z n , t n ) ∈ K be such that lim n→+∞ ε n = 0 and lim n→+∞ (z n , t n ) = (z 0 , t 0 ) ∈ K, then in view of (2.4) and of the fact that dist(ω ε n , 0) → +∞ it is not difficult to see that
so (3.21) and the claim easily follow. ✷ holds for all ε > 0.
Proof. -To prove the claim, we argue by contradiction; so, we assume that a sequence (ε n ) n exists such that Bx εn → m, as n → +∞. We can also assume ε n → 0, as n → +∞, otherwise we get a contradiction at once, observing that ε n λ > 0 for some λ ∈ R impliesx ε n ∈ ω λ := ∪ ε λ ω ε and
and that, in view of the boundedness of ω λ , arguing as in Proposition 3.1, it is not difficult to conclude C λ > m. So by the continuity of β, we infer As a consequence of (3.26), for small ε, the map
So a sequence of nonnegative functions
is homotopic to the identity map i on ∂B(0, R/2ε) by the homotopy
gives the second inequality. ✷ PROPOSITION 3.6. -Let α satisfy (A 1 ). Let B 0,β ε be as defined in (3.6) . Let µ be a constant such that µ ∈ (m, 2 1−2/p m) then there exists ε µ > 0 such that
for all ε ∈ (0, ε µ ).
Proof. Proof. -In view of (2.4), of the radial symmetry of w and by the definition (3.2) of β ε , it is not difficult to verify that, for every fixed ε > 0,
Hence, for all ρ large enough, the set β ε • ψ ε,ρ ( × {0}) is homotopically equivalent in R N \ {0} to ρ and, then, there exists
Step 1. For every ε > 0 there existsρ ε,1 > 0 such that for all ρ >ρ ε,1
The proof of this step is just Lemma 3.5 in [8] .
Step 2. For every ε > 0 there existsρ ε,2 >ρ ε,1 such that
holds for all ρ >ρ ε,2 .
By (2.4), the shape of w and the choice of φ ε we have Step 
Proof of Theorem 1.1
To prove the theorem we show that, for small ε, E ε has on M ε three distinct critical values, lying in the energy range (m, 2 1−2/p m), to which there correspond at least three distinct solutions of (P ε ), positive by Lemma 2. 3 .
In what follows ρ α , µ α are the constants whose existence is stated in Proposition 3.3, moreover we chooseε = min(ε ρ α , ε 1 , ε 2 , ε µ α ) where ε 1 , ε 2 are, respectively, the numbers found in Propositions 3.3 and 3.5 and ε ρ α , ε µ α are as stated in Lemma 3.2 and Proposition 3.6.
We remark that, by the results of Section 3, for all ε ∈ (0,ε) the following inequalities hold We consider a fixed ε ∈ (0,ε) and we carry out the proof in three steps: first we prove, in Step 1, the existence of a critical value c 1,ε satisfying A ε c 1,ε max |z|=R/2ε
E ε (w ε,z ),
